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Abstract  —  Synthesis of lossy reflection-mode bandstop 

filters is discussed. Equations, data, and algorithms for the 
transmission characteristics and circuit element values of 
maximally-flat and equiripple absorptive bandstop filters are 
given and examples of their use are provided.  

I. INTRODUCTION 

It has been well known, since at least the reflection-type 
phase shifter [1] work of the early 1960’s, that the 
reflection characteristic of a one-port network S can be 
converted into the transmission characteristic of a two-port 
by using either a circulator or a 3-dB hybrid or directional 
coupler, as shown in Fig. 1. Filters employing this concept 
are referred to as “non-reflective filters” [2], “reflection 
filters” [3], reflection networks” [4], “reflection-mode 
filters” [5], “absorptive filters” [6]-[8], and “perfectly-
matched filters” [9]. This paper generalizes and extends 
Rhodes’s theory of lossy bandstop filters of this type [5] in 
order to aid in the synthesis of lossy filters with maximally 
flat passband and/or equiripple stopband characteristics. 

II. LOSSY REFLECTION-MODE BANDSTOP FILTERS 

Assuming equal source and load admittances Ys and an 
ideal circulator as in Fig. 1(a) or an ideal 3-dB hybrid 
coupler as in Fig. 1(b) (each with port admittances Ys), the 
transmission characteristic of the two-port reflection-mode 
filter St is simply the reflection characteristic of the one-
port network S, which is a function of the input admittance 
Yin (s) of S, where s=jω is the complex frequency variable 
(assuming a sinusoidal input signal):  
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A variety of other reflection-mode-network topologies 
can be derived by applying circuit transformations to the 
networks of Fig. 1. For example, portions of networks S 
can be absorbed [10] into a hybrid coupler, resulting in 
truncated one-port networks S´, as in Fig. 2 [7]-[9].  

While S could be any network, for simplicity let S be a 
lossy ladder network of admittance inverters Jr–1 coupling 
shunt parallel-resonant admittances Yr with unloaded Qs 
Qr=2π foCr/gr and resonant frequency fo=(LrCr)–1/2 as in 
Fig. 3(a), for integer r=1 to n. The corresponding  
“highpass reflection” prototype of inverter coupled lossy 
shunt admittances yr=gr+scr with unloaded Qs qr=ωh cr/gr 
at radian frequency ω=ωh is in Fig. 3(b). 

Fig. 1. Reflection-mode filter networks based on (a) a circulator 
and on (b) a 3-dB hybrid coupler or directional coupler [5],[14]. 

lter network 
S

Fig. 2. A reflection-mode fi in which the first 
admittance inverters of one-port networks  have been absorbed 

mittance inverters J01’ and 
J11’. For one-port networks S as in Fig. 3, S’ is identical to S 

come 

into the 3-dB hybrid coupler of Fig. 1(b) resulting in truncated 
one-port networks S’ and modified ad

without its first inverter J0, and the modified inverters be
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 (b) 
“highpass” reflection characteristics. 

A. Maximally-Flat Reflection-Mode Bandstop Filters 

00=Ys. 

Fig. 3. One-port ladder networks with (a) “bandstop” and

The generic “maximally-flat reflection-passband” 
characteristic of the prototype of Fig. 3(b) is given by: 
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where the left-half-plane (LHP) poles of (2) appear at 
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These poles lie on a circle of radius σo centered at the 
origin in the complex s plane (i.e., σo scales the filter 
bandwidth). The constant angular separation θ between 
the poles varies from zero for the equal-resonator-Qu filter 
to π/n for the ideal lossless filter. Between these ext
of θ

graphically 
illustrated in Fig. 4. In general, 

remes 
 lays the continuum of possible maximally flat 

characteristics for unequal-resonator-Qu reflection filters, 
examples of which are shown in Table I and 
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These filters may be synthesized by forming the input 
admittance Yin of the one-port ladder network  
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and sequentially extracting the element values from it by 
means of a continued fraction expansion as in [11]. Using 
(2), (4), and Linnebach’s technique, as explained in [12], 
the coefficients a of (2) and (5) are found to be 
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By extracting the first capacitance and conductance, c1 
and g1, from the input admittance of the one-port ladder 
network as given by (5) and (6), the maximum required 
unloaded Q of the shunt admittances is found to be  

,
2

cos
2

cos2
)(2

2

1211

1
1ax ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎟⎟
⎠

⎜⎜
⎝

=
−

===
−−−

n
xxaaag

cq
o

h

nnn

hh π
σ

where ω

m
(7) 

q is defined. 
In the conventional case, x=n and qmax= ∞; in the equa
case, x=∞ and q=2ω /σ ; and in the case described in [5], 

⎞⎛
q πωωω

h is the radian frequency at which the 
l-Qu 

h o

x=n+1 and qmax=(2ωh /σo) tan((π/2)(n/(n+1))). 
The squared magnitude of the generic maximally-flat 

reflection prototype response (2) is given by 
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derivatives with respect to ω vanish as ω approaches 0 and 

g 
and Qu, (8) becomes 
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∞. In the lossless case (qr=∞) br=0 and in Rhodes’s case 
[5] br=1. When the resonators have the same values of 
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where σo = 2 ω / q = 2 g / c, t  LHP p ve 
c psed to th t s =−σo, an he i

h he oles of (2) ha
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x θr θ Description 
∞ 0 equal resonator Qu π / 2 
2n π ( ) π  in Qu2r+(n-1))/(4n  / (2n) small range

n+1 π r / (n+1) π / (n+1) Rhodes’ choice [5]
n+½ π (4r-1) / (2 

(2n+1)) 
2π /(2n+1) large range in Qu

n π (2r-1)/(2n) π / n infinite Qu

Table I. Relations for x, θr, and θ for maximally-flat prototype 
characteristics with progressively greater selectivity and greater 
variation in successive corresponding resonator Qu. 

Fig. 4. Prototype LHP max
plotted in the complex s=σ+jω plane, for five different sets of 
shunt admittance unloaded Qs, showing the trend in the 
locations as the maximum q diminishes. 
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For refl cle, pick σo=1 or q=ωh; 
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Choosing θ =π/(n+1), as in [5], the reflection response 
(8) of the one-port ladder network can be written as 
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and, using the technique of [12], it may be shown that the 
coefficients of (2) and (5) for this choice of θ are 
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The maximum unloaded Q required of the shunt 
admittances is given by (for r=1 in (20) or x=n+1 in (7)) 
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Selectivity, k, is a useful means of comparing filter 
performance and, for bandstop filters, is commonly 
defined [13] as the ratio of two band-edge frequ
and ωp (ωs<ωp) of higher and lower attenuations Ls and Lp 
(Ls>Lp), respectively, such that a larger k is “better”: 
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allows the selectivity  kideal of the ideal lossless reflection 
response 
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the selectivity kequalq of the lossy 
response (9),  and t

equal-q reflection 
he selectivity kRhodes of Rhodes’ 

diminishing-q reflection response (14) [5], to be expressed 
as follows: 
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upon further inspection it is apparent that there is a 
continuous range of possibl
mode bandstop characteristic
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ual q < kRhodes < kideal. In fact, 

e maximally-flat reflection-
s between that of the ideal 

lossless-resonator case (29) and that of the equal-Qu-
resonator case (9) corresponding to gradually decreasing 
selectivity and decreasing differences in finite resonator 
Qu within the filter. 

B. Equiripple Absorptive Notch Filters 
A generic “equiripple reflection-stopband” characteristic 
 the prototype of Fig. 3(b) has not yet been found. 

er, insight is gained by examining characteristics of 
for
H

rious lossless and lossy equiripple prototypes.  
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s is the “reflection-stopband” minimum return loss 
(i.e., equiripple stopband level) in dB. The left-half-plane  
poles of (33) appear at 
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These poles lie on an ellipse centered at the origin in the 
complex s plane, with vertical semi-major axis of extent 

21 η+ >1 and horizontal semi-minor axis of extent η <1.  
In contrast, for the case of lossy admittances with equal 

values of g and q [8],  
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where 2))1(1( n−−=ν , qho ωσ , and values of q and 2=

(30) 
wr=ωzr/ωh are given in Table II for highpass prototy
orders n=2 to 26 with equiripple return loss Ls (=Lh) 

from 20-dB to 85-dB in 5-dB increments. Note 
n, there is a reflection

all , there are reflection zeros at ω = zr ± r h
left-half-plane poles of (38) appear at 

pes of 
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that for all odd  zero at ω=0 and, for 

n ±ω  = w  ω . The 
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point s= o=2 h /q. 
Like the lossy maximally flat reflection pr

ch

with an additional pole at −σo for odd n. Instead of lying 
on an ellipse, as in the lossless equiripple case, or 
collapsing to the point s=−σo, as in the maximally flat 
equal-q case, the left-half-plane reflection poles in the 
equiripple equal-q case lie on the vertical line through the 

−σ ω
ototype 

aracteristics, a continuum of possible equiripple 
characteristics – of lossy reflection prototypes whose 
shunt admittances exhibit progressively diminishing q – 
exists between the characteristics of the ideal lossless 
equiripple prototypes and those of the equal-q lossy 
equiripple prototypes. In [5], Rhodes describes an 
approximation to one such set of intermediate 
characteristics, for which 
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n+1(α) is the Chebyshev polynomial of degree n+1 and 
argument α, σo is an empirical constant that scales the 
bandwidth, and Ls (=Lh) is the “reflection-stopband” 
nominal minimum return loss (i.e., quasi-equiripple 
stopband level) in dB. The left-half-plane poles of (40) are  
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Fig. 5. Prototype LHP equiripple reflection poles for n=4, plotted 
in the complex s=σ+jω plane, for three different sets of shunt 
admittance unloaded Qs, showing the trend in the semi-major 
and semi-minor axes of the ellipses through the poles as the 
maximum q of the shunt admittances diminishes. 
 
stopband-edge frequencies for passband-edge insertion 
loss levels of 3.01-dB, 2-dB, 1-dB, and 0.5-dB and for 
equiripple “reflection-stopband” attenuation levels of 
Ls=Lh=20-dB to 85-dB in 5-dB increments. The equal-q 
shunt admittances are given by q=(ωh cr /gr), and the 
corresponding equal-q reflection response is given by [8] 

Plotting the reflection poles of the ideal lossless, equal-q 
lossy, and Rhodes’ lossy prototypes, as shown in Fig. 5, 
suggests that the reflection poles of a generic lossy 
equiripple prototype fall within the bounding boxes 
defined by the corresponding lossless and lossy-equal-q 
poles – as illustrated by the shaded bounding boxes in Fig. 
5. It is also evident from Fig. 5 that the one-port 
prototype’s reflection poles move from an ellipse in the 
lossless case to the dashed vertical line through the point 
s=−σo=2ωh /q in the equal-q case (as the frequency of the 
reflection poles gradually becomes equal to the frequency 
of the reflection zeros), and lie on an ellipse of decreasing 
horizontal minor axis and increasing vertical major axis 
for diminishing values of qmax.  

The lossy equal-q prototype may be synthesized by 
referring to (10) for J0 and the design data in Table III, 
which provides normalized admittance inverter values 
Jr=Jr/g for r>0 for filters of order n=2 to 21 and 
“reflection- stopband” attenuations Ls=Lh=20-dB to 85-dB 
in 5-dB increments, as well as the q and “selectivity” data 
in Table IV, which provides ratios of the normalized 
highpass prototype passband-edge frequencies to 
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where ν, σo, q, and ωzr are the same as in (38). 
The approximate equiripple lossy filters of Rhodes  may 

be synthesized using (41), (42), and the element value 
equations [5] 
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cr as in (18) (but, with σo empirically derived to give the 
target filter bandwidth), Er as in (19), and qr=(ωh cr /gr). 
The corresponding reflection response is given by [5] 
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III. DESIGN EXAMPLES 

The highpass reflection prototype of a fourth-order 
absorptive (reflection-mode) bandstop filter is designed in 
five different ways: (a) as an equal-Qu maximally-flat 
filter, (b) as a moderately-ranging-Qu (Rhodes’) 
maximally-flat filter, (c) as a “generic” widely-ranging-Qu 
maximally-flat filter, (d) as an equal-Qu equiripple filter, 
and (e) as a moderately-ranging-Qu (Rhodes’) equiripple 
filter. Specifying a “reflection-stopband” level of Lh=45 
dB at ωh=±1 and a source impedance of Rs=1/Ys=50 
ohms, the individual designs proceed as described below. 

For case (a), the equal-q maximally-flat highpass 
reflection prototype design begins by calculating q from 
(13) as q=0.569451, arbitrarily choosing a value for c of 
c=1, and calculating g as g=ωh c /q=1/q=1.75608. Then 
the admittance inverter values are calculated to be 
J0=0.374815 from (10) and J1=3.92671, J2=1.57068, and 
J3=0.785341 from (11). The reflection response is given 
by (9) and σo as calculated from σo=2ωh/q=3.51215. 

For case (b), the design of the moderately-ranging-q 
maximally-flat highpass reflection prototype of Rhodes [5] 
begins by calculating the admittance inverter values from 
(16) as J0= J1= J2= J3=Ys=0.02, determining x=5 and 
θ=0.628319 from the third row of Table I, and calculating 
Er from (17) as E0=1, E1=0.894427, E2=0.772542, 
E3=0.578885, and E4=0. The shunt conductance values are 
then found from (17) to be g1=0.00211146, g2= 
0.00690983, g3=0.00143108, and g4=0.0345492, while 
the shunt capacitance values are found by first solving 
(25) for σo to find σo=3.6156 and then using (18) to 
calculate c1=0.00359465, c2=0.00951698, c3=0.0121817, 
and c4=0.0112333. Shunt admittance q’s are found from 
(20) to be q1=1.70245, q2=1.37731, q3=0.851224, and 
q4=0.325139 and the reflection response is given by (14). 

For case (c), the design of the “generic” widely-ranging-
q maximally-flat highpass reflection prototype begins by 
assuming some maximum realizable shunt admittance q – 
in this case, qmax=10 – and an initial value of x=n=4.   
Three iterations of first solving the generic maximally-flat 
reflection characteristic (2) for σo (such that 20 
log10|S11(jωh)|= −Lh) and then solving (7) for a new value 
of x results in values of x and σo for qmax=10 of x=4.13412 
and σo=3.64637. The coefficients of the one-port input 
admittance (5) are then found from (6) to be a0=176.784, 
a1=130.551, a2=47.2229, and a3=9.81884. Successively 
extracting normalized unity admittance inverters, shunt 
capacitors, and shunt conductances [e.g., 11] from (5) and 
then denormalizing by scaling by Ys=1/50 results in 
admittance inverters J0=J1=J2=J3=0.02, shunt 
capacitances c1=0.0040738, c2=0.00998408, 
c3=0.0104151, and c4=0.00514398, shunt conductances 
g1=0.000407387, g2=0.00137734, g3=0.00319442, and 

g4=0.0224522, and shunt admittance q’s q1=9.99984, 
q2=7.24881, q3=3.2604, and q4=0.229108. The reflection 
response is given by (2). 

For case (d), the equal-q equiripple highpass reflection 
prototype design begins by choosing an arbitrary value for 
shunt conductance g – in this case, g=2. The first 
admittance inverter J0 is found, using (10), to be J0=0.4. 
The q of the shunt admittances and the remaining 
normalized admittance inverter values are found from 
Table III (for n=4 and Ls=Lh=45): q=1.01972, J1=2.34454, 
J2=1.05528, and J3=0.619077. After scaling by g (Jr=Jr g), 
the corresponding admittance inverter values are 
J1=4.68908, J2=2.11056, and J3=1.23815. The shunt 
capacitance values can be calculated using c=qg/ωh. The 
reflection response can be calculated using (44), 

qho ωσ 2= , and ωzr=ωhwr, with w1=0.354843 and 
w2=0.910914 from Table II. 

Finally, for case (e), Rhodes moderately-ranging-q 
equiripple highpass reflection prototype design [5] can 
begin by calculating a=1.99261 from (42), J0=0.0186006 
from (45), and J1=0.0182774 and J2=J3=0.019758 from 
(46). Values of Er as given for case (b), and calculated 
using (19), are employed in (47) to calculate values of 
shunt conductance g1=0.00182631, g2=0.00597667, 
g3=0.0123782, and g4=0.0298834. Solving the equiripple 
reflection characteristic (48) for σo (such that 10 
log10|S11(ωh)|2= −Lh) gives σo=2.28686, which is used in 
(18) to calculate c1=0.00568324, c2=0.0150466, 
c3=0.0192597, c4=0.0177601. The values of shunt 
admittance qr (=ωh cr/gr) are q1=3.11187, q2=2.51756, 
q3=1.55594, and q4=0.594315. And, the reflection 
response is given by (48). 

Resulting values of qr and Jr-1 for each case are collected 
in Table V, and the reflection responses of the 
corresponding prototypes are compared in Figs. 6-8. 
 
case: (a) (b) (c) (d) (e) 

q1 0.569451 1.70245 9.99984 1.01972 3.11187 
q2 0.569451 1.37731 7.24881 1.01972 2.51756 
q3 0.569451 0.851224 3.2604 1.01972 1.55594 
q4 0.569451 0.325139 0.229108 1.01972 0.594315 
J0 0.374815 0.02 0.02 0.4 0.018601 
J1 3.92671 0.02 0.02 4.68908 0.018277 
J2 1.57068 0.02 0.02 2.11056 0.01976 
J3 0.785341 0.02 0.02 1.23815 0.01976 

Table V. Collected values of qr and Jr-1 for the prototype 
circuit of Fig. 3(b) for design examples (a) - (e). 

IV. CONCLUSION 

The synthesis of lossy maximally-flat and equiripple 
highpass reflection-mode prototypes for application to the 
design of lossy reflection-mode bandstop filters has been 



 

Fig. 6.  A comparison of the reflection responses of maximally-
flat examples (a) (dashed), (b) (solid gray), and (c) (solid black). 
 

Fig. 7. A comparison of the prototype reflection responses of 
equal-q maximally-flat design example (a) (dashed curve) and 
equal-q equiripple design example (d) (solid curve). 
 

Fig. 8. A comparison of the prototype reflection responses of 
equiripple design example (d) (solid black curve) and quasi-
equiripple design example (e) (solid gray curve). 
 
described. Extensive design tables for lossy equal-q 
equiripple highpass reflection prototypes are included. 
Specific examples of the use of the synthesis methods 
have been provided for equal-q, Rhodes’ progressively-
diminishing-q, and generalized maximally-flat highpass 
reflection prototypes, as well as equal-q and Rhodes’ 
progressively-diminishing-q equiripple highpass reflection 
prototypes. Tables of representative admittance inverter 

and shunt admittance q values, and plots of representative 
reflection characteristics of each type of filter, allow for 
comparisons of the relative characteristics of the different 
types of designs and an assessment of their relative 
advantages and disadvantages for various application 
requirements. These types of filters are potentially suited 
for interference suppression in receiver front-ends. 
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APPENDIX A.  Derivation of (6) 

The derivation of (6) follows Linnebach’s technique, as 
described by Bosse in [12]. The reflection characteristic 
S11(s) in (2) can be written as 

)()()(11 sDsNsS =   (A.1) 
where 
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Using (4), (A.3) can be rewritten as 
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Extracting the factor for r=1 from the product and 
increasing the range of the product by one gives 
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And, changing variables, such that r=r’+1, results in 
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Now, letting r’=r in (A.6) and comparing this to (A.4) 
suggests that (A.6) can be written as 

.)(
1

2

1
2

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

+

−
=

−

⎟
⎠
⎞

⎜
⎝
⎛ −+

⎟
⎠
⎞

⎜
⎝
⎛ +−

x
j

x
nj

x
xn

o

x
xnj

o esDe

ejs

ejssD
ππ

π

π

σ

σ      (A.7) 



 

Since, by definition, 
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it is apparent that 
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A recursion formula can be developed by comparing the 
coefficients of equivalently high powers of s in (A.11) 
with one another. Equating the coefficients of the sλ+1 
terms in (A.11) results in 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
++

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
−=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+=

⎟
⎠
⎞

⎜
⎝
⎛ +−−

−⎟
⎠
⎞

⎜
⎝
⎛ −+

+

−

+
⎟
⎠
⎞

⎜
⎝
⎛ +−−

−−

+
⎟
⎠
⎞

⎜
⎝
⎛ −+

x
xnj

x
xnj

o

n
x

j

x
xnj

o
n

x
j

x
xnj

o

eeaj

ea

aejae

aeja

λππ

λ

λπ

λ

λ

λπ

λ
λπ

λ

π

λ

σ

σ

σ

21
2

1
2

1

)(

1

21
2)(

1

1
2

1

0

   (A.12) 

which gives the recurrence relation 
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(A.13) can then be put into the form 
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Applying well-known trigonometric identities [15] to 
(A.14) leads to a variety of equivalent recurrence 
relations: 
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By expanding out (5), with S11 as in (2), for various values 
of n and x, it can be demonstrated that 

n
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Using (A.16) and (A.18), the next two coefficients are 
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from which it is apparent that 
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Again, applying well-known trigonometric identities 
( )2sin(cos θπθ ±=  and θθπ sin)2(cos ±=± ) [15] 
to (A.21) leads to 
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Finally, since the denominator of (A.21) with µµ −→ n  
is equal to the numerator of (A.21) with 1+→ µµ , i.e., 
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Lossy Filters

• Predistortion techniques evolved 

to “correct” for loss –

but increase passband loss levelRS RL

Lossless

2-Port

Network

Attenuator

• Real filter components are lossylossy LCG resonator

Lossless

2-Port

Network

RS
RL

• Conventional filter synthesis 
assumes lossless components

• Synthesis works out very nicely by 
ignoring loss

• Filter performance does not work out 
very nicely by ignoring loss

RL

Lossy

2-Port

Network

RS

• Lossy reflection-mode synthesis 

corrects stopband attenuation 

without increasing passband loss



Lossy Bandstop Filters

Maximally Flat
(n=4, qu=0.666)

Lossless [Blue]
vs:

Lossy
Conventional 
[Red]

Equiripple
(n=4, qu=1.2165)

Lossy
Absorptive
(Reflection-Mode)

[Red]

Lossy
Predistorted
[Red]



Lossy Reflection-Mode vs. Predistorted

Maximally Flat
(n=4, qu=0.666)

Equiripple
(n=4, qu=1.2165)

Lossy 
Reflection-Mode

Lossy 
Predistorted

Lossy 
Predistorted

Lossy 
Reflection-

Mode



Reflection-Mode Filters

• Non-reciprocal circulator based

S11 to St,21

• Convert reflection characteristics of a sub-network ( S )

into transmission characteristics of a larger network ( St )

• Reciprocal 3-dB hybrid coupler 

or a 3-dB directional coupler based



• Other topologies can be derived 

using circuit transformations

• Example: Portions of one-port networks S

can be absorbed into a hybrid coupler [10], 

resulting in truncated one-port networks S’

Alternative Reflection-Mode 

Network Topologies

Admittance Load & SourcesY

sYJJ  1100

sYJJ 22 0001 

If:

001 2 JJ 

sYJJ 2
011 

Then:



Lossy Reflection-Mode Ladder Networks

• S could be any network

• For simplicity, let it be a one-port ladder network

One-Port “Bandstop” Reflection Network

Corresponding One-Port “Highpass” Reflection Prototype

fo
frequency, f



Generic Maximally-Flat Reflection Prototype

x qr q Description

∞ p / 2 0 equal resonator Qu

2n p (2r+(n-1))/(4n) p / (2n) small range in Qu

n+1 p r / (n+1) p / (n+1) Rhodes’ choice [5]

n+½ p (4r-1) / (2 (2n+1)) 2p /(2n+1) large range in Qu

n p (2r-1)/(2n) p / n infinite Qu

 





n

r

j
o

n rejsssS

1

1

11 )(
q

nx
x

nxr
r 


 and,,

2

))1(2( p
qqq

nrjejs rro
j

or
r 1for)cossin(  qq q

with poles on circle of radius o centered at origin 

in complex s plane (i.e., o scales filter bandwidth):

where:

Between extremes x=n and x=infinity (q=p/n and q=0) is the continuum of 

possible maximally-flat characteristics for unequal-Qu reflection filters

(q is the constant angular separation between the poles)



Generic Maximally-Flat Reflection Prototype

Ideal Lossless

Maximally-Flat

Equal-q

Maximally-Flat

Reflection-Mode

Generic

Lossy

Maximally-Flat

Reflection-Mode

Reflection poles for 5 different choices of x

(5 different sets of shunt admittance q), 

showing the trend in the 4 pole locations 

as the maximum q diminishes

Poles collapse to a single 

point (o=-1) for the equal-q 

(minimum qmax) case



Synthesis of Generic Maximally-Flat Prototype

Input admittance, Yin, is given by:

Using Linnebach’s technique [12], it is possible to derive:
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Synthesis of generic maximally-flat reflection prototypes is accomplished 

by sequentially extracting element values (ideal admittance inverters and 

lossy shunt admittances) from Yin using continued fraction expansion [11].



Synthesis of Generic Maximally-Flat Prototype

Maximum unloaded Q of maximally-flat prototype’s shunt admittances is:
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Synthesis of Equal-Q Maximally-Flat Prototype

with admittance inverter values:
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where: o = 2 h / q = 2 g / c

sr = o

for

For poles on the unit circle, choose o=1 or q=h

For 3-dB return loss at h=1, choose o =(21/n –1)1/2

For return loss Lh at h=1, choose
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Lossy Equiripple Reflection Prototype

Between extremes of infinite q and finite equal q is the continuum of 

possible equiripple characteristics for unequal-Qu reflection filters

• No generic equiripple reflection characteristic 

is known

• Analytic synthesis method for quasi-equiripple 

lossy reflection prototypes is known [5]

• Look-up table synthesis method for equiripple

equal-q lossy reflection prototypes is now possible 
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zeros poles qr
auxiliary parameters

equiripple lossless

quasi-equiripple 
lossy [5]

equiripple 
equal-q lossy Given n and LS, look-up 

q and wr in Table II.

, zr = h wr

reflection 
characteristic



Lossy Equiripple Reflection Prototype 

diminishing q(max)

diminishing q(max)

Left-Half-Plane Reflection Poles for n = 4





Lossless

Rhodes's choice

Equal (minimum) q
-0.5-1.0-1.5

1.5

 1.0

 0.5

 0

 -0.5

 -1.0

bounding boxes 

of reflection poles 

of diminishing-q 

prototypes

diminishing q(max)

Ideal 

Lossless

Equiripple
Equal-q

Equiripple

Reflection-

Mode

Generic

Lossy

Equiripple

Reflection-

Mode

Reflection poles for 3 different sets of 

shunt admittance q, showing the trend 

in the semi-major and semi-minor axes 

of the ellipses through the poles 

as the maximum q diminishes

Ellipse through poles 

collapses to a line 

(s=-o) for the equal-q

(minimum qmax) case



Synthesis of Lossy Equal-Q Equiripple Prototype 

n  LS 20 dB 25 dB 30 dB 35 dB 40 dB 45 dB 

qu 1.89529 1.44730 1.13210 0.900258 0.724114 0.587102 

3.01 dB 2.32616 2.91915 3.63548 4.49696 5.53192 6.77583 

2 dB 2.81099 3.57034 4.48145 5.57178 6.87715 8.4423 

1 dB 3.90135 5.02447 6.36114 7.95196 9.84942 12.1188 

 
 
3 

0.5 dB 5.45575 7.08219 9.00856 11.2941 14.0148 17.2644 

qu 2.84833 2.23007 1.79171 1.46629 1.21650 1.01972 

3.01 dB 1.93142 2.32780 2.79069 3.32621 3.94202 4.64799 

2 dB 2.28375 2.79456 3.3859 4.06549 4.84313 5.73142 

1 dB 3.09075 3.85323 4.72606 5.72128 6.85375 8.14228 

 
 
4 

0.5 dB 4.26008 5.37103 6.63382 8.06702 9.69281 11.5387 

 

n LS 20 dB 25 dB 30 dB 35 dB 40 dB 45 dB 

q 1.89529 1.44730 1.13210 0.90026 0.72411 0.58710 

J1 2.06817 1.90660 1.80908 1.74823 1.70931 1.68397 

3 

J2 1.06708 0.90420 0.79774 0.72674 0.67888 0.64644 

q 2.84833 2.23007 1.79171 1.46629 1.21650 1.01972 

J1 2.91730 2.68593 2.54225 2.44923 2.38710 2.34454 

J2 1.72990 1.47760 1.30980 1.19442 1.11329 1.05528 

 
4 

J3 1.23210 1.01535 0.86455 0.75636 0.67737 0.61908 

 

N LS 20 dB 25 dB 30 dB 35 dB 40 dB 45 dB 

qu 1.89529 1.44730 1.13210 0.90026 0.72411 0.58710 3 

w 0.82011 0.83278 0.84225 0.84921 0.85424 0.85783 

qu 2.84833 2.23007 1.79171 1.46629 1.21650 1.01972 

w 0.31117 0.32120 0.33085 0.33983 0.34787 0.35484 

 
4 

w 0.87670 0.88730 0.89556 0.90198 0.90699 0.91091 

 

• Look-up prototype order n and shunt admittance qu for required equiripple 

stopband level LS and maximum passband-to-stopband-edge frequency ratio

• Look-up normalized prototype reflection zero frequencies 

for required equiripple stopband level LS and order n (zr = h wr)

• Look-up normalized prototype admittance inverter values 

for required equiripple stopband level LS and for order n (                       ,                )sYgnJ 0 rJgJr 



Examples for {n=4, Lh=45, h=1, Ys=0.02}

(a)

(d)

(d)

(e)

(a)(b)

(c)

Example q1 q2 q3 q4 L0 k1 k2 k3

Max-Flat, Equal-q, minimum q(max) (a) 0.569 0.569 0.569 0.569 4.437 3.927 1.571 0.785

Max-Flat, Moderate q(max) (b) 1.702 1.377 0.851 0.325 1.841 3.419 1.857 1.710

Max-Flat, Large q(max) (c) 10.00 7.249 3.260 0.229 0.354 3.136 1.961 2.732

Equiripple, Equal-q, minimum q(max) (d) 1.020 1.020 1.020 1.020 4.437 2.299 1.035 0.607

Quasi-Equiripple, Moderate q(max) (e) 3.112 2.518 1.556 0.594 1.841 1.977 1.161 1.068

Note: The rth admittance inverter value Jr can be modified by scaling the admittance 

matrix’s (r+1)th row and column by a constant [11], which will also scale shunt c and g

values, but will leave the reflection characteristic and shunt admittance q unchanged.

Lo = return loss due to coupling to first shunt admittance alone [dB] =
1

2
0

1
2
0log20

gJY

gJY

s

s





k r = coupling between the rth and (r+1)th prototype shunt admittances =
1rr

r

cc

J



• Lossy reflection-mode bandstop filters have 

 “ideal” stopband characteristics

 “lossy” passband characteristics

 better passband loss than predistorted filters

 selectivity proportional to Qu,max

• Analytic synthesis of generic lossy maximally-flat 

bandstop filters is now possible

• Look-up-table synthesis of equal-Q equiripple-stopband

bandstop filters is now possible

• Bounds for poles and zeros of generic lossy equiripple 

bandstop filters have been quantified

Conclusion
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